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ABSTRACT 

The  negative  Pell  equation  represented  by  the  binary  quadratic  equation 192352y  x  is 

analyzed for its non-zero distinct integer solutions. A few interesting relations   among the 

solutions are presented. Employing the solutions of the equation under consideration, the integer 

solutions for a few choices of hyperbola and parabola are obtained.  
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INTRODUCTION                                                                                                               

Diophantine equation of the form 

122y  Dx where D is a given positive 

square-free integer, is known as Pell 

equation and is one of the oldest 

Diophantine equation  that has interested 

mathematicians all over the world, since 

antiquity, J.L. Lagrange proved that the 

positive Pell equation 122y  Dx has 

infinitely many distinct integer solutions 

where as  the  negative  Pell  equation 

122y  Dx  does  not  always  have  a  

solution.  In, 
[1]

 an elementary proof of a 

criterion for the solvability of the pell 

equation 122x  Dy   where D is any 

positive non-square integer has been 

presented. For examples the equations 

47,1232y 22  xyx  have  no  integer  

solutions, whereas  1
2

202
2

,1
2

65
2

y  xyx   

have integer solutions. In this context, one 

may refer. 
[2-9]

 More specifically, one may 

refer “ The   On-line Encyclopedia of integer 

sequences” (A031396, A130226, A031398)    

for  values  of  D  for  which  the    negative  

Pell  equation 122y  Dx   is solvable or 

not. 

  In this communication, the negative 

Pell equation    given  by 192352y  x   

is considered and infinitely many  integer 

solutions are obtained. A few interesting 

relations among the solutions are presented.  

 

METHODS OF ANALYSIS 
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 The negative Pell equation 

representing hyperbola under consideration 

is 

192352y  x      

   (1) 

whose smallest positive integer solution is

 1
0
x , 4

0
y    

To obtain the other solutions of (1), consider 

the Pell equation 
  

12x352y   

whose general solution is given by  

s
f

s
y

s
g

2

1~,
352

1

s
x~   

Where 

 
1)356(

1
)356(

s
f 


 ss

  

1)356(
1

)356(
s

g 


 ss
,     s= 

0, 1, 2, 3,... 

Applying Brahmagupta lemma between 

)( 0,0 yx  and )~,x~( s sy the other integer 

solutions of (1) are given by 

 
s

g
s

f
35

4

1s
2x 


,  

s
g

s
f 354

1s
2y 


 

The recurrence relations satisfied by x and y 

are given by  

59
1

,4
0

,0
12

12
3s

y 








yy
s

y
s

y

10
1

,1
0

,0
12

12
3s

x 








xx
s

x
s

x

Some numerical examples of x and y 

satisfying (1) are given in the following 

table 
 

Table 1: Numerical Examples 

 

 

 

 

 

 

 

 

From the above table we observe some 

interesting relations among the solutions 

which are presented below: 

1. 
s

x  is alternatively odd and even 

2. 
s

y  is alternatively even and odd 

3. )2(mod0
1-2s

x   

4. )4(mod0
2s

y   

A few interesting properties between the 

solutions and special numbers are given 

below: 

1. ]38
22

8
22

70[
19

6





 s
y

s
x  is a 

nasty number 

2. ]
1

)356(
1

)356[(3]
33

8
23

70[
19

1 










ss

s
y

s
x

is a cubical integer  

3. Each of the following properties 

represents the perfect square  

 2]870[
19

1
2222   ss yx  

 2]8118[
19

1
3222   ss xx  

 2]2352[
57

1
4222   ss xx  

 2]
35

8
352[

19

35
2222   ss yx  

 2]
35

2
3510[

57

35
3222   ss yx  

 2]
35

8
35238[

1349

35
4222   ss yx  

 2]1181408[
19

1
4232   ss xx  

 2]
35

59
35[

57

35
2232   ss yx  

 2]
35

118
3520[

19

35
3232   ss yx  

 2]
35

59
35119[

57

35
4232   ss yx  

s  

s
x  

s
y  

0 1 4 

1 10 59 

2 119 704 

3 1418 8389 

4 16897 99964 

5 201346 1191179 

6 2399255 14194184 

7 28589714 169139029 
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 2]
35

1408
352[

1349

35
2242   ss yx  

 2]
35

704
3510[

57

35
3242   ss yx  

 2]
35

1408
35238[

19

35
4242   ss yx  

 2]202[
19

1
2232   ss yy  

 2]119[
114

1
2242   ss yy  

 2]23820[
19

1
3242   ss yy  

4. 
1

38
2

456
3s

38x






 s

x
s

x  

5. 
1

228
2

38
1s

38y






 s

x
s

x  

6. 
1

38
2

228
3s

38y






 s

x
s

x  

7. 
1

228
2

2698
3s

38y






 s

x
s

x  

8. 113s 102524173281444x   ss xy  

9. 213s 10252414448664x   ss xy  

10. 2

11113s 269845638x   ssss xxyx  

11. 2

22123s 10252414448664x   ssss xxyx

 

12. 123s 8664173288664x   ss xy  

13. 223s 2283838x   ss xy  

14. 2

11213s 387638x   ssss xxyx  

15. 2

22223s 2283838x   ssss xxyx  

16. 133s 144417328102524x   ss xy  

17. 233s 144414448664x   ss xy  

18. 2

11313s 144417328102524x   ssss xxyx

 

19. 2

22323s 3838228x   ssss xxyx  

20. 112s 5054086641444y   ss xy  

21. 212s 5054014448664y   ss xy  

22. 2

11112s 133022838y   ssss xxyx  

23. 2

22122s 133038228y   ssss xxyx  

24. 113s 6064801025241444y   ss xy  

25. 213s 26603838y   ss xy  

26. 2

11113s 6064801025241444y   ssss xxyx

 

27. 2

22123s 26603838y   ssss xxyx  

28. 123s 505401025248664y   ss xy  

29. 2

11213s 505401025241444y   ssss xxyx

 

30. 2

11213s 505401025248664y   ssss xxyx

 

31. 2

22223s 133022838y   ssss xxyx  

 

REMARKABLE OBSERVATIONS 

1. Let N be any non-zero positive 

integer such that 

2

1y
N 12n 
   

It is seen that  2

12N3, 18t  ny  

Similarly  2

2M3, 18t nx  

2. Let m and n be two non-zero distinct 

positive integer such that 

nn xny  ,2xm n  

Note that m>n>0 treat m, n as the generators 

of the Pythagorean triangle T(α,β,γ) . 

 Where α=2mn, β=m
2
-n

2 
and 

γ=m
2
+n

2 

 
Let A, P represent the area and 

perimeter of  T(α,β,γ). Then the following 

interesting relations are observed:  

(1). 046970-    

(2). 4
P

A
4-70-71   

(3). 4
P

A
28071-   
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Each of the following represents the hyperbola: 

 

 

 

S. No Hyperbola )y(
s

g),x(
s

f   

1 
1444140x 22  y  

]870[
19

1
11   ss yx , ]4[

19

352
11   ss xy  

2 
144435x 22  y  

]8118[
19

1
21   ss xx , ]202[

19

35
12   ss xx  

3 
51984354x 22  y  

]2352[
57

1
31   ss xx , ]119[

144

35
13   ss xx  

4 
14443535 22  yx  

]
35

8
352[

19

35
11   ss yx , ]82[

19

35
11   ss xy  

5 
129963535 22  yx  

]
35

2
3510[

57

35
21   ss yx , ]59[

57

35
12   ss xy  

6 
72792043535 22  yx  

]
35

8
35238[

1349

35
31   ss yx , ]14082[

1349

35
13   ss xy  

7 
1444352  yx  

]1181408[
19

1
32   ss xx , ]23820[

19

35
23   ss xx  

8 
129963535 22  yx  

]
35

59
35[

57

35
12   ss yx , ]410[

57

35
21   ss xy  

9 
14443535 22  yx  

]
35

118
3520[

19

35
22   ss yx , ]11820[

19

35
22   ss xy  

10 
129963535 22  yx  

]
35

59
35119[

57

35
32   ss yx ]70410[

57

35
23   ss xy  

11 
72792043535 22  yx  

]
35

1408
352[

1349

35
13   ss yx , ]8238[

1349

35
31   ss xy  

12 
129963535 22  yx  

]
35

704
3510[

57

35
23   ss yx , ]59119[

57

35
32   ss xy  

13 
14443535 22  yx  

]3
35

1408

335238[
19

35

 sysx , ]1408238[
19

35
33   ss xy  

14 
505403535 22  yx  

]202[
19

1
12   ss yy , ]281118[

3519

1

 sysy  

15 
181944035 22  yx  

]119[
114

1
13   ss yy , ]1181408[

3519

1
32   ss yy  

16 
505403535 22  yx  

]23820[
19

1
23   ss yy , ]1181408[

3519

1
32   ss yy  
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Each of the following represents the parabola 

S. No Parabola 
)y(

s
g),x(f 2

s   

1 
144419140 2  xy  

2]870[
19

1
2222   ss yx , ]4[

19

352
11   ss xy  

2 
14441935 2  xy  

2]8118[
19

1
3222   ss xx , ]202[

19

35
12   ss xx  

3 
5198422835 2  xy  

2]2352[
57

1
4222   ss xx , ]119[

144

35
13   ss xx  

4 
14441935 2  xy  

2]
35

8
352[

19

35
2222   ss yx , ]82[

19

35
11   ss xy  

5 
129965735 2  xy  

2]32
35

2

223510[
57

35
 sysx , ]1592[

57

35

 sxsy  

6 
7279204134935 2  xy  

2]42
35

8

2235238[
1349

35
 sysx , ]1140832[

1349

35

 sxsy  

7 
14441935  xy  

2]1181408[
19

1
4232   ss xx , ]23820[

19

35
23   ss xx  

8 
129965735 2  xy  

2]
35

59
35[

57

35
2232   ss yx , ]410[

57

35
21   ss xy  

9 
14441935 2  xy  

2]32
35

118

323520[
19

35
 sysx , ]2118220[

19

35

 sxsy  

10 
129965735 2  xy  

2]42
35

59

3235119[
57

35
 sysx , ]2704310[

57

35

 sxsy  

11 
7279204134935 2  xy  

2]22
35

1408

42352[
1349

35
 sysx , ]381238[

1349

35

 sxsy  

12 
129965735 2  xy  

2]32
35

704

423510[
57

35
 sysx , ]3592119[

57

35

 sxsy  

13 
14441935 2  xy  

2]42
35

1408

4235238[
19

35
 sysx , ]314083238[

19

35

 sxsy  

14 
505406652  xy  

2]2220322[
19

1
 sysy , ]281118[

3519

1

 sysy  

15 
181944039902  xy  

2]2211942[
114

1
 sysy , ]311821408[

3519

1

 sysy  

16 
505406652  xy  

2]322384220[
19

1
 sysy , ]311821408[

3519

1

 sysy  

 

CONCLUSION  
 In this paper, We have presented 

infinitely many integer solutions for the 

hyperbola represented by the negative Pell 

equation 192352y  x . As the binary 
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quadratic Diophantine  equation are rich in 

variety , one may  search for the other 

choices of negative Pell equations and 

determine their integer solutions along with 

suitable properties. 
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