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The negative Pell equation represented by the binary quadratic equation y2 ~35x2 —19 is
analyzed for its non-zero distinct integer solutions. A few interesting relations among the
solutions are presented. Employing the solutions of the equation under consideration, the integer
solutions for a few choices of hyperbola and parabola are obtained.
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INTRODUCTION
Diophantine equation of the form

y2 _ Dx2 +1where D is a given positive
square-free integer, is known as Pell
equation and is one of the oldest
Diophantine equation that has interested
mathematicians all over the world, since
antiquity, J.L. Lagrange proved that the

positive Pell equation y2=Dx2+1has

infinitely many distinct integer solutions
where as the negative Pell equation

yZ:sz —1 does not always have a

solution. In, ™ an elementary proof of a
criterion for the solvability of the pell

equation x2 _Dy2 =-1 where D is any
positive non-square integer has been
presented. For examples the equations

y2 ~3x2 —1,y? =7x? -4 have no integer

solutions, whereas 2 — g5x® —1,y? — 202x° —1
have integer solutions. In this context, one
may refer. »°! More specifically, one may
refer “ The On-line Encyclopedia of integer
sequences” (A031396, A130226, A031398)
for values of D for which the negative

Pell equation y2 - Dx2 —1 is solvable or

not.
In this communication, the negative

Pell equation given by y2 —35x2 —19

is considered and infinitely many integer
solutions are obtained. A few interesting
relations among the solutions are presented.

METHODS OF ANALYSIS
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The  negative  Pell  equation
representing hyperbola under consideration
IS

y2 =35x2 _19
1)
whose smallest positive integer solution is
x0 =1 y0 =4

To obtain the other solutions of (1), consider

the Pell equation y2 =35x2 +1

whose general solution is given by
~ 1 ~ 1

X =——q_,J. =—f
s o/ s Ys T s

Where

fS :(6+\/3_5)S+1+(6—\/£)Sle

g, =(6+3)° -6V, &=

0,123,..
Applying Brahmagupta lemma between
(X, Yo) and (X,,y,)the other integer

solutions of (1) are given by

2X = f +i
s+1~ 's " Jz5 Js’
2y, 4 =4, +\/£gs
The recurrence relations satisfied by x and y

From the above table we observe some
interesting relations among the solutions
which are presented below:

1. X is alternatively odd and even

2. y_ is alternatively even and odd
S

3. Xog .1 = 0(mod 2)

4. Yos = 0(mod 4)
A few interesting properties between the

solutions and special numbers are given
below:

6
1. E[?Ox25 49 —8y25 T 38]
nasty number
1
2. —[ox, -8y, l+d(6+ Jas)

is a cubical integer
3. Each of the following properties
represents the perfect square

1

> E[7OX25+2 —8Y,,]+2
1

> 5[118X2s+2 —8%y5.5]+2

> 2%~ 26142

> £[2\/_)(25+2

are given by ﬁ Yoo 142
Ys13 715, 0 Y51 =0V =4y =59 N \/_[10@ 142
— — — — T X s+2 = y S+ +
Xs 13 12xs+2+xs+1_0,x0_1,x1_10 57 25+2 \/ﬁ 25+3
Some numerical examples of x and y J35
satisfying (1) are given in the following > —13 49 [238\/_ Xasi2 — \/ﬁ Yasial+2
table
Table 1: Numerical Examples > = [1408X25+3 _118X25+4] +2
S S \/_
> —[\/— 5x Yosin] +2

0 1 4 2543 2s5+2

1 10 59 \/%

2 119 704

3 1418 8389 > V35 [20\/£X25+3 118 Yoers]+2

4 16897 99964 19 \/_

5 201346 1191179

6 2399255 14194184

7 28589714 169139029 > £ [119\/_ Xpgi3 — Yosial +2

\/ﬁ
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22. 38y, X, — 228y, X.,, =1330x’
\/ﬁ [2\/%X25+4 —@ y25+2] +2 Ysi2Xsi YsuXsn sl

1349 V35 23. 228y ,X.,, — 38y, X.,, =1330x2,
24. 1444y . —102524y. ., = 606480 x
@[10\/£X25+4 _ ﬁ y25+3] ) Ysia Ysi s+l
57 J35 25. 38y, — 38y, = 2660x,,,
J35 1408 26. 1444y _ ..., 102524y X_,, = 6064802
[238\/£X o4 — y o ]+ 2 ' s+37 s+l s+17s+1 s+1
19 2s+4 \/@ 2s+4
27. 38 -38 = 2660x’
i [2 Yosis — 20 y2$+2] +2 Y s13Xsi2 YsuXsi2 Xsi2
19 28. 8664y, —102524y, , = 50540x,,,
i [y25+4 —119 y25+2] + 2 29 1444y s+3xs+1 _102524 ys+2 Xs+l = 50540 X52+1
114
> %[20 Voos =238, 42 30. 8664y ,,x,,, —102524y_ ,X,,, = 50540%Z,
4. 38Xg g = 40X o =38 g 31. 38y, X, — 228y, ,X.., =1330%Z,
5. 38ys+1 = 38xS Lo~ 228xS 1
6. 38y _ 228x _38x REMARKABLE OBSERVATIONS
' s+3 S+2 s+1 1. Let N be any non-zero positive
7. 38ys 437 2698xs o~ 228xS 1 , mte_gfr such that
8. 1444x..,-17328y,,, =102524x.,, N = %
9. 8664x.,,—1444y ., =102524x,,, It is seen that 8t,, +1=y2.,
_ 2
10. 38Xs+3Xs+1 — 456 YsaXsn = 2698Xs+1 , S|m||ar|y 8t3’M +1= an
11. 8664x..,5X,., —1444Y,,1X,,, =102524X;,, 2. Let mand n be two non-zero distinct
positive integer such that
12. 8664x ,, —17328y,,, =8664X,,, m=x, +2y,,N=X
13. 38X, —38Yy,,, = 228X,,, Note that m>n>0 treat m, n as the generators
14. 38X X,,, — 76Y.,,X.,, = 38%%, of the Pythagorean triangle T(a,B,yz() .2
) Where o=2mn, p=m"~-n° and
15. 38Xs+3xs+2 _38ys+2 Xsip = 228Xs+2 y=m2+n2
16. 102524x ,, —17328Yy,,, =1444X,,, Let A, P represent the area and
17. 8664x ., —1444y_, =1444x perimeter of T(a,B,y). Then the following
' >3 53 52 ,  interesting relations are observed:
18. 102524x _,;X,,, —17328Yy, .X,, =1444XZ, (1). «-708+69y +4=0
A
19 228)( s+3Xs+2 - 38ys+3xs+2 = 38X52+2 (2) 71ﬂ i 707/ i 43 - 4
20. 1444y, —8664Yy.,, =50540x
Yo Ysn st (3). -7l +280 A 4
21. 8664y, —1444y_, =50540x.,, P
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Each of the following represents the hyperbola:

S. No Hyperbola fs (: X), gs (: y)
1 2 2
xX° —-140y° =1444
d %[70)(544 - ys+1]' %[ysﬂ - 4Xs+1]
2 2 2
X —35y° =1444
y %[118)(54-1 _8Xs+2]' %[ZXHZ - 20Xs+1]
3 2 2
4x“ —-35y° =51984
X y %[352)(%1 - 2Xs+3]' 1/43__45 X543 119Xs+1]
4 2 2
35x° —35y° =1444
y @[Zﬁxsﬂ - 8 ys+1] ) \/g [2 ys+1 _8Xs+l]
19 \/ﬁ 19
5 2 2
35x° —35y° =12996
y @[10\/£X5+1 ys+2] \/_ [ys+2 s+l]
57 \/%
6 2 2
35x? —35y? = 7279204 J35 J_
= 12384/35x 2y.., —1408x
1349 [ s+1 \/ﬁ ys+3] 1349 [ ys+3 s+l]
7 2
X®—35y =1444
Y i[1408XS+2 —-118x,5]. %[ZOXS+3 —238X,,]
8 2 2
35x? —35y? =12996 J_ J35
[\/_XS+ yS+ ] 10 S+, _4Xs+
2 \/% 1 7 [ y 1 2]
9 2 2
35x° —35y° =1444
y £[20\/_)(54-2 \/— ys+2] \/_ [20 ys+2 118Xs+2]
10 2 2
35x? —35y? =12996 J35 J_
—[119J_ Vool o110y, 5 ~704%,.,]
\/ﬁ S+ S+ S+
1 35x? —35y? = 7279204 J35 [2/35x 1408 ! J_ V3 sy e ]
1349 s+3 \/— s+1 1349 s+1 s+3
2 2 2
35x? —35y? =12996 J35 J35
_[:l-O\/_X 3 y 2] —[119y 2 —59x 3]
S+ \/ﬁ S+ 7 S+ S+
13 2 2
35x° —35y° =1444
y @[ZBS@XHS LY @ [238y. ., —1408X_,]
19 V35
14 2 2
35x° —35y° =50540 1
E[2y3+2 20y,,,]. F [118y .4 —8Y,>]
15 22
35x° —y* =1819440 1
y m[ysw ys+l] \/— [1408 Yoo — -118 ys+3]
16 2 2
35x° —35y° =50540 1
y E[ZO Ysiz — 238 ys+2] \/— [1408 Ysi2 — -118 ys+3]
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Each of the following represents the parabola

S.No Parabola f52 (= X), g ‘ (= y)
1 2
140y? =19x —1444 1 24/35
E[7OX25+2 _8y25+2] +2, T[ysﬂ - 4Xs+l]
2 2
35y% =19x —1444 1 V35
E[118X25+2 - 8X25+3] +2, F [2Xs+2 - 20Xs+l]
3 2
35y“ =228x —51984
y i [352 X2$+2 - 2X2$+4] + 2 ' % [Xs+3 _119 Xs+1]
4 2
35y? =19x —1444 J_ V35
_[2\/_ Xosi2 — \/% y25+2] + 2 19 [2 Ysua — 8Xs+1]
5 2
35y% = 57x —12996 V35 2 J35
?[10\/%)(2%2 N Yosi3l+2, ?[ys+2 —59%g 4]
6 2
35y? =1349x — 7279204 5 8 V35
@[238\/%)(2%2 - E Yos+alt 2, @[ZVHS —1408xg 1]
7
35y =19x-1444
y i [1408X2$+3 _118X2$+4] + 2, 1£95 [20X5+3 - 238Xs+2]
8 2
35y? = 57x —12996 J_ J35
r— [\/_X25+3 \/— 25+2] + 2 57 [10 Vs — 4Xs+2]
9 2
35y% =19x —1444 J% 118 V35
K[ZO\/%XZHB - E Yos43l+2, E[Zoys-rz —118xg, 51
10 35y2 = 57x —12996 V35 i 35
_[119 X513 ~ \/7 Yos4l+2, o — [0y, 3~ 704xg, 5]
1 35y2 =1349x — 7279204 f /= 1408 35
1349 [2V35xp5,4 - N Yosi21+2, 1319 ——[238yg 1 —8%g, 3]
12 2
35y% =57x—12996 NS 704 NES
5_7[10‘/%X25+4 - E Y2s43l+2, ?[119ys+2 —59xg, 3l
13 35y? =19x —1444 B el 1408 35
?[238 35X2$+4 - E y2$+4] +2, F[238ys+3 - 1408X5+3]
14 2
= 665X —50540 1 1
y 5[2y25+3 ~20¥pq,01+ 2, m[llsysﬂ ~8Yg,0l
15 2
- _ 1
y" = 3990x ~ 1819440 114 V2514 —119Ypg 01+ 2 19935 [1408yg, » — 118y, 3]
16 2
- - 1
y* = B65% =30540 19 [20y25+4 238Y)q,31+ 2, 9\/7 [1408yq, o —118yg, 3]
CONCLUSION hyperbola represented by the negative Pell

In this paper, We have presented

. 2 2 .
infinitely many integer solutions for the equation y* =35x% ~19. As the binary
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quadratic Diophantine equation are rich in
variety , one may search for the other
choices of negative Pell equations and
determine their integer solutions along with
suitable properties.
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